The modern theory of charge polarization in solids is based on a generalization of Berry's phase. Its quantization lies at the heart of our understanding of all systems with topological band structures that were discovered over the last decades. These include the quantum Hall effect, time-reversal invariant topological insulators in two and three dimensions as well as Weyl semi-metals. Recently, the theory of this quantized polarization was extended from the dipole-to higher multipole-moments [1] . In particular, a two-dimensional quantized quadrupole insulator is predicted to have gapped yet topological one-dimensional edge-modes, which in turn stabilize zero-dimensional in-gap corner states. However, such a state of matter has not been observed experimentally. Here, we provide the first measurements of a phononic quadrupole insulator. We experimentally characterize the bulk, edge, and corner physics of a mechanical metamaterial and find the predicted gapped edge and in-gap corner states. We further corroborate our findings by comparing the mechanical properties of a topologically non-trivial system to samples in other phases predicted by the quadrupole theory. From an application point of view, these topological corner states are an important stepping stone on the way to topologically protected wave-guides in higher dimensions and thereby open a new design path for metamaterials.
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A non-vanishing dipole moment p = Ψ|r|Ψ in an insulator 2, 3 does not lead to any charge accumulation in the bulk. However, it manifests itself through uncompensated surface charges and hence induces potentially interesting surface physics, see Fig. 1a . The dipole moment p is expressible through Berry's phase, 2,4 which in turn can lead to its quantization. [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] All observed topological insulators fit into this framework of quantized dipole moments, 6 or mathematical generalizations thereof.
12 Whether higher order moments of the electronic charge distribution, such as the quadrupole moment, can lead to distinctly new topological phases of matter remained unclear.
Recently, a theory for a quantized quadrupole insulator was put forward 1 based on its phenomenology: A bulk quadrupole moment in a finite two-dimensional sample gives rise to surface dipole moments on its one-dimensional edges as well as to uncompensated charges on the zerodimensional corners, see Fig. 1b . The former is indicating gapped edge modes while the latter motivates the presence of in-gap corner excitations. This also defines the key technological use of such a quadrupole insulator in mechanical or optical metamaterials: In two dimensions, the localized corner modes can be used to sense signals in the bulk which are then exponentially enhanced towards the corners, where they can be measured efficiently. 16 In three dimensions, the corner modes translate into onedimensional modes which can be used to shuttle energy in a topologically protected way [17] [18] [19] [20] between two points in space, useful for quantum information processing.
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The phenomenology of gapped edges and gapless corners can be formalized mathematically. Benalcazar et al. 1 proposed to use nested Wilson loops as a way to obtain a quantized quadrupole moment (see App. A): Wilson loop operators depend only on the bulk properties and encode the edge physics via their eigenvalues ν ± (k α ), α = x, y, known as Wannier bands. 22 If the Wannier bands ν ± (k α ) are gapped, the eigenvectors of the Wilson loops can be used to define the bulk-induced edge polarization p ± α . In the same way as for the conventional topological insulators, 7 symmetries are required for the quantization of p ± α . It turns out that non-commuting mirror symmetries M x and M y lead to p ± α ∈ {0, 1/2}. In particular, the sought after quantized quadrupole phase is described by
As a corner terminates two edges, p ± x , p ± y = (1/2, 1/2) could suggest that each of them supports two in-gap states. However, it is an important hall-mark of the bulk nature of the quadrupole insulator that each corner hosts only one mode, cf. Fig. 1b. 
1
A concrete tight-binding model for a two-dimensional quantized quadrupole insulator is shown in Fig. 1c . 1 The dimerized hopping with amplitude λ and γ leads to a band-gap between two pairs of degenerate bands for λ = γ (see App. B). The black (red) lines in Fig. 1c indicate positive (negative) hoppings, effectively emulating a magnetic π-flux per plaquette. This π-flux requires the mirror-symmetry around the horizontal axis (M y ) to be accompanied by a gauge-transformation, leading to the non-commutation of M x and M y . The present model also has C 4 rotational symmetry (again up to a gaugetransformation) forcing p ± x = p ± y as well as particle holesymmetry giving rise to the aforementioned double degeneracy of the Bloch bands. For γ < λ the topological phase (p ± x , p ± y ) = (1/2, 1/2), whereas for γ > λ, the trivial phase (0, 0) is realized.
1 Here, we seek a mechanical implementation of a quadrupole insulator withẍ i = −D ij x j , where arXiv:1708.05015v1 [cond-mat.mtrl-sci] 16 Aug 2017 the dynamical matrix D ij couples local degrees of freedom x i according to the model in Fig. 1c . Note that in the absence of a Pauli-principle, the notion of "filled bands" has to be replaced by "bands below the gap of interest."
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We implement the quadrupole insulator using the concept of perturbative mechanical metamaterials. 26 The starting point is a single-crystal silicon plate with dimensions 10×10×0.7 mm, whose mechanical eigenmodes are described by the displacement field u(r). We work with the first non-solid-body mode which is characterized by two perpendicular nodal lines in the out-of-plane component of u(r), see Fig. 1d and Fig. 2a . By spectrally separating this mode from the modes below and above it, one can describe the dynamics in some frequency range by specifying only the amplitude x i of the mode of interest of a given plate i. The hopping elements in D ij are then implemented by thin beams between neighboring plates. The nodal structure of the mode allows to mediate couplings of either positive or negative sign, depending on which sides of the nodal lines are connected by the beams. Moreover, the distance to the nodal line controls the coupling strength mediated by a given beam. Combinatorial search 27 followed by a gradient optimization 26 leads to the design in Fig. 1d . Note that the rounded corners and the semi-circular exclusions guarantee spectral separation, cf. Fig. 2a , whereas the holes in the center adjust for platedependent frequency shifts induced by the beams. The beams are kinked to decrease their longitudinal stiffness ensuring spectral separation.
All measurements shown are performed using the same scheme: The plates are excited with an ultrasound airtransducer. The transducer has a diameter of 5 mm and is in close proximity to the sample, such that only a single plate is excited. We measure the response of the excited plate with a laser-interferometer. In this way, we measure the out-of-plane vibration amplitude ∆z i ∝ ψ The spectra in Fig. 2b & e allow to identify three frequency regions B, E, and C, where the bulk (blue), edge (orange), or corner (green) response dominates. To establish the quadrupole nature of the metamaterial, we analyze the site-dependent, frequency integrated response ε α i = ν∈α ε i (ν) with α = B, E, C. In Fig. 3a-c we show the resulting spatial profiles. Note that the bulk induces gapped edge-modes on all four sides of the sample.
The hallmark of the quadrupole phase lies in the counting of corner modes: Each corner terminates two-gapped edges, nevertheless, they all host only one in-gap mode.
1
In Fig. 3d , we show the response ε(ν) for the four corner plates. The resonances in the four plates are split by the imperfect termination and the disorder induced by the fabrication. However, each corner hosts only one resonance peak. Given the imperfection of our setup, where disor- der would generically split multiple mode per plate, this is only compatible with the mode-counting of a quadrupole insulator.
To corroborate our claim of observing a quadrupole insulator, we further explore the phase diagram of Ref. 1 . When the C 4 -symmetry is broken by allowing for different hoppings in x-and y-direction (see App. B), the phase (p ± x , p ± y ) = (1/2, 0) can be reached via a gap-closing of the surface modes. The (1/2, 0)-phase is characterized by gapped edge spectra on two parallel edges and no emergent edge physics on the perpendicular surfaces.
1 Moreover, the induced edge modes are in a trivial state and no corner charges are induced. In Fig. 3e , we show measurements on a sample in the (1/2, 0)-phase, where no in-gap states appear and the frequency region dominated by the edges draws its weight from only two surfaces.
In addition to the experimental data presented above, we also validate our system through extensive numerical calculations. The design process for the sample shown in Fig. 1d requires a finite-element simulation of the displacement fields u i (r) on four unit cells containing a total of 16 sites i. The modes obtained in this way can then be projected onto the basis of uncoupled plate-modes u 0 i (r). In this way a reduced order modelD ij in the frequency range of the modes u 0 i (r) is obtained. 26 In Fig. 4a , we show the resulting model extended to a 10 ×10 system. The nearest neighbor couplings indeed follow the blueprint of the target model shown in Fig. 1d . However, spurious long-range couplings mediated by off-resonant admixing of other single-plate modes induce a certain amount of mirror-symmetry breaking. This is most notable in the y-direction, where negative next-to-nearest neighbor couplings are mapped to positive ones, which is not corrected for in the gauge-transformation in M y .
The reduced order modelD ij can also be used to calculate the topological indices (p 1 The absence of an exact M y symmetry indeed leads to a breaking of this rule. This is also reflected in the value of the polarizations
As expected from the structure ofD ij shown in Fig. 4a , the polarizations are not precisely quantized. However, the phenomenology of in-gap corner modes is still observed as the symmetry breaking terms do not lead to any gapclosing, neither on the edge nor in the bulk. The results presented in this paper underline the power of perturbative metamaterials. 26 On one hand, we leveraged this technique to find a first implementation of a quantized quadrupole insulator, a new class of topological materials. On the other hand, the platform of a continuous elastic medium provides a direct route to technological applications for any theoretical idea which can be represented by a tight-binding model.
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Here, T denotes the path ordering along a closed loop in the Brillouin zone. The eigenvalues ν ± (k y ) of W x (k y ) are in one-to-one correspondence to the spectrum of an edge perpendicular to the x-coordinate 22 (or perpendicular to y when x and y are interchanged). If the edge modes are gapped, the eigenvectors v ± n (k y ) of W x (k y ) can be used to split the filled bands in a well-defined way:
The nested polarization is then defined as
with A y ± (k) = i w ± (k)|∂ ky |w ± (k) . It can be shown that the presences of two mirror-symmetries M x and M y that do not commute are a necessary requirement for the nested polarizations p ± x and p ± y to be quantized to 0 or 1/2. The model shown in Fig. 1 can be expressed with the help of Γ-matrices Γ k = −τ 2 σ k , Γ 4 = τ 1 σ 0 , k = 1, 2, 3; τ, σ are the standard Pauli-matrices. Using these matrices we can write
The C 4 -symmetric version of Fig. 1 is obtained by setting λ x = λ y and γ x = γ y . The mirror symmetries measurements in order to account for slight variations in the measurement points from site to site. In all figures where arbitrary units are indicated, we normalize to the maximal value shown in the respective figure. All measurements are subject to a systematic uncertainty of the interferometer of ∼ 5 pm, and a statistical error determined by repeated measurements of ∼ 10 pm, resulting in an error estimation on the displacements of ∼ 11.2 pm. Careful error-propagation analysis results in error bars on all the figures which are smaller than the symbol size.
